Abstract. Two simple polytopes of dimension 3 having the identical bigraded Betti numbers but non-isomorphic Tor-algebras are presented. These polytopes provide two homotopically different momentangle manifolds having the same bigraded Betti numbers. These two simple polytopes are the first examples of polytopes that are (toric) cohomologically rigid but not combinatorially rigid.
Introduction
A convex polytope of dimension n is called simple if there are exactly n facets (codimension-one face) meeting at each vertex. Let P be an ndimensional simple convex polytope with m facets F 1 , . . . , F m . Consider an m-dimensional real compact torus T m , and denote the i-th coordinate subgroup of T m by T i . Definition 1.1. Consider the following equivalence relation on T m × P :
Then, the quotient space
is called the moment-angle manifold of P and is denoted by Z P .
It is noted that Z P is indeed a manifold of dimension m+n (see [1, Lemma 6 .2]), and the formula s·[t, p] = [st, p] defines a natural T m -action on Z P with orbit space P . The moment-angle manifold was introduced in [6] as a space that has the following universal property: for every quasitoric manifold (the definition will be given below) π : M → P , there is a principal T m−n -bundle Z P → M whose composite map with π is the orbit map Z P → P . Hence, it is one of the key concepts in toric topology, and it is very important to study the topology of Z P .
A formula for the cohomology of Z P has already been established. Let k be a field. The Tor-algebra of P , denoted by Tor * , * A (k(P ), k), is a finitedimensional bigraded k-algebra. (The explicit definition will be given in Section 2). Note that the cohomology algebra H * (Z P , k) of Z P inherits a canonical bigrading from the Eilenberg-Moore spectral sequence for the fibration
where ET m is a contractible space on which T m acts freely, and BT m = ET m /T m . Buchstaber and Panov (Theorems 7.6 and 7.7 in [1] ) showed that H * , * (Z P , k) and Tor * , *
A (k(P ), k) are isomorphic as bigraded k-algebra. In this study, it is assumed that k is the field of rational numbers Q. Let β −i,2j (P ) denote the bigraded Betti numbers of the Tor-algebra of P (simply, the bigraded Betti numbers of P ), that is,
It is to be noted that the bigrading structure should have more information than the usual (mono)grading structure. Hence, it is natural to ask how much information on the topology of Z P the bigraded Betti numbers have. Actually, in all known examples (before this paper) of combinatorially different polytopes with the same bigraded Betti numbers (such as vertex truncations of simplices), the moment-angle manifolds are also diffeomorphic. It should also be noted that the bigraded Betti numbers of H * , * (Z P , Q) are not necessary for them to be topological invariants, although the usual Betti numbers β p = p=−i+2j β −i,2j (P ) are topological invariants. From this viewpoint, Panov presented the following problem at the conference on toric topology held in Osaka in November 2011. Problem 1.2. Let P and Q be two simple polytopes. Is it true that
Here, ∼ = may mean "homotopy equivalent," "homeomorphic," or "diffeomorphic".
In this paper, we answer the "if" part of the problem negatively for all categories, namely, there exist two simple polytopes (say P and Q) with the same bigraded Betti numbers, satisfying H * (Z P ) ∼ = H * (Z Q ) as rings. Such polytopes are shown in Figure 1 . Note that both polytopes are 3-dimensional simple polytopes having 11 facets. As an immediate corollary, it follows that the bigraded Betti numbers of the simple polytopes do not decide the homotopy type of the corresponding moment-angle manifold.
As by-products, the polytopes P and Q are one important examples in the toric rigidity problem for simple polytopes as follows. A quasitoric manifold is a closed smooth manifold of dimension 2n that admits a locally standard half-dimensional torus action T n whose orbit space is a simple polytope (see [1] and [6] ). A typical example of a quasitoric manifold is a complex projective space CP n of complex dimension n with the standard T n -action whose orbit space is the n-simplex ∆ n . Although the topology of a quasitoric manifold does not generally determine the combinatorial type of its orbit space, it sometimes does; for instance, only the n-simplex can be the orbit space of a locally standard T n -action defined on CP n . Furthermore, since the cohomology ring H * (M ) of a quasitoric manifold M can be obtained from the face ring of its orbit polytope P , the relationship between the combinatorial type of P and H * (M ) is well established (see [4] and [6] ).
A simple polytope is said to be cohomologically rigid if its combinatorial structure is decided by the cohomology ring of a supporting quasitoric manifold. A simple polytope is said to be combinatorially rigid if its combinatorial structure is decided by the bigraded Betti numbers. By [4, Proposition 3.8], the bigraded Betti numbers of a simple polytope are determined by the cohomology ring of a supporting quasitoric manifold. Hence, any combinatorially rigid polytope (that supports a quasitoric manifold) is cohomologically rigid. However, the question of whether the converse holds has been open (see [3, Section 6] for details).
Problem 1.4 (Problem 6.6 in [3]).
Find a polytope which is rigid cohomologically but not combinatorially in the set of simple polytopes.
Here, we provide an answer to this problem. Theorem 1.5. The polytopes P and Q are cohomologically rigid, but not combinatorially rigid.
Tor-algebra of a simple polytope
we briefly review the definitions here, following [1] , where the reader may find additional details of the Tor-algebra of a simple polytope, and we present the properties of the multiplicative structure of the Tor-algebra, which are relevant to Section 3.
Let k be a field, and let A = k[v 1 , . . . , v m ] be a finitely generated commutative graded algebra over k. Then, k itself is an A-module via the map A → k that sends each v i to 0. Let Λ[u 1 , . . . , u m ] denote an exterior algebra on m generators. Then, we have a differential bigraded algebra
Note that R is a free A-module. Let
. . , u m ] spanned by monomials of length i. Then, we have the following free resolution of k, which is known as the Koszul resolution:
Let P be an n-dimensional simple polytope with m facets. The face ring (or the Stanley-Reisner ring) of P is the quotient ring
where I P is the homogeneous ideal generated by all square-free monomials
The ideal I P is called the StanleyReisner ideal of P . By identifying the polynomial ring k[v 1 , . . . , v m ] in the definition of k(P ) with A above, k(P ) can be regarded as an A-module.
By applying the functor ⊗ A k(P ) to the Koszul resolution, we obtain the following cochain complex of graded modules:
where the differential map is d ⊗ A 1. The (−i)-th cohomology module of the above cochain complex is denoted by Tor
−i
A (k(P ), k), and we have the graded A-module
Note that there is a canonical multiplicative structure on
and hence, Tor A (k(P ), k) is canonically a bigraded k-algebra. The bigraded algebra Tor * , * A (k(P ), k) is called the Tor-algebra of a simple polytope P , and the bigraded Betti numbers of P are defined by
Hereafter, only the case of k = Q is considered. For simplicity, we set β −i,2j (P ) = β −i,2j (P ; Q).
The following theorem of Hochster [7] gives a nice combinatorial interpretation of bigraded Betti numbers.
Theorem 2.1. Let P be a simple convex polytope with facets F 1 , . . . , F m . For a subset σ ⊂ {1, . . . , m}, let P σ = i∈σ F i ⊂ P . Then, we have
Here, dimH −1 (∅) = 1 by convention.
Example 2.2. Let P be a 3-dimensional simple polytope with m facets
triple of facets whose union is homotopy equivalent to S 1 . Such triple of facets is called a 3-belt. (3) Assume β −1,6 (P ) = 0.
2 Then, since there is no 3-belt, β −2,8 (P ) is equal to the number of quadruples of facets whose union is homotopy equivalent to S 1 . Such quadruple of facets is called a 4-belt.
Let P be a 3-dimensional simple polytope with m facets F 1 , . . . , F m . Now, we consider Λ[u 1 , . . . , u m ] ⊗ k(P ). Let d be a differential operator on Λ[u 1 , . . . , u m ] ⊗ Q(P ) induced from d ⊗ A 1 on [R ⊗ A Q(P )]. As mentioned before, Tor * , *
Assume that F i and F j do not intersect. Then, u i v j is an element of bidegree (−1, 4) in Λ[u 1 , . . . , u m ]⊗Q(P ). Since d(u i v j ) = v i v j = 0 ∈ Q(P ), it is a cycle. Furthermore, u i v j and v i u j are homologous because d(u i u j ) = v i u j − 2 A 3-dimensional simple polytope P whose β −1,6 (P ) is 0 is said to be irreducible because it cannot be expressed as a connected sum of a finite number of simple polytopes (see [2] ). Assume that β −1,6 (P ) = 0 and A (Q(P ), Q) indexed by {F 1 , F 2 } and {F 3 , F 4 }, respectively. Then,
where η is a generator in Tor
Proof of Theorem 1.3
It is to be noted that Tor * , *
A (Q(P), Q) and Tor * , * A (Q(Q), Q) are isomorphic as groups. Hence, their multiplicative structures should be compared. We index each facet of P and Q as shown in Figure 2 .
Let A = Q[a, b, . . . , k], where the letters are degree 2 indeterminates corresponding to the facets of P. Now, consider the subspace
A (Q(P ), Q)} as a vector space over Q. It is obvious that the dimension of V P is a ring invariant of Tor A (Q(P ), Q).
Note that β −2,8 (P) = β −2,8 (Q) = 4. In other words, there are four 4-belts in both P and Q. In P, all 4-belts are indexed by {b, c, d, e}, {g, f, j, h}, {a, c, i, e}, and {c, i, e, b}. Hence, only some of the products between two pairs among {b, d}, {c, e}, {g, j}, {f, h}, {a, i}, and {b, i} (6 generators) can be nonzero. This implies that dim Q V P = 28 − 6 = 22.
In Q, all 4-belts are indexed by {a, c, g, f }, {a, d, j, f }, {c, h, j, d}, and {f, g, h, j}. Hence, only some of the products between two pairs among {a, g}, {c, f }, {a, j}, {d, f }, {c, j}, {h, d}, {f, h}, and {g, j} (8 generators) can be nonzero. This implies that dim Q V Q = 28 − 8 = 20. Therefore, Tor A (Q(P), Q) and Tor A (Q(Q), Q) are not isomorphic as rings, which proves the first part of the theorem.
We note that H 3 (Z P ; Q) = Tor
A (Q(P ), Q) and
Since any element of Tor −4,10 A (Q(P ), Q) cannot be expressed as two elements in Tor
A (Q(P ), Q) because of degrees, one can show that H * (Z P ; Q) ∼ = H * (Z Q ; Q) as rings by using the above argument, which proves the second part of the theorem.
Proof of Theorem 1.5
First, it is obvious that P and Q are not combinatorially rigid since they have the same bigraded Betti numbers while they are not combinatorially equivalent.
In the remaining part of this section, we prove that P and Q are cohomologically rigid.
Suppose that there exist a polytope R and quasitoric manifolds M and N over P and P ′ , respectively, such that H * (M ) and H * (N ) are isomorphic as graded rings. Then, by [4, Lemma 3.7] , it follows that P ′ has 11 facets, and Tor * , *
In particular, β * , * (P) = β * , * (P ′ ). Now, let us investigate all other polytopes with 11 facets. A graph G is said to be P 3 -realizable if there is a 3-dimensional polytope whose corresponding 1-complex is isomorphic to G. Let P (G) denote such a polytope. A graph G is said to be k-(vertex-)connected if there is no set of k − 1 vertices that, when removed, disconnects the graph. It is known that a graph G is planar and 3-connected if and only if G is P 3 -realizable ( [8] ). A P 3 -realizable graph is called a triangulation if all the faces of the graph are triangle when the graph is embedded into a 2-dimensional sphere S 2 . Hence if G is a 3-connected triangulation, then P (G) is a simplicial polytope that is dual to a simple polytope.
Using the graph-generating program plantri developed by Brinkmann and McKay, we can list all 3-connected triangulations with a certain number of vertices. Such a list gives us all 3-dimensional simple polytopes with a certain number of facets. Using the program Macaulay2 again, we can list all 3-dimensional simple polytopes P with 11 facets satisfying β −1,6 (P ) = 0 and compute their bigraded Betti numbers (see [5] ). See Table 2 ; each polytope has 11 facets a, b, . . . , k. Each polytope is indexed by using information Table 2 . Irreducible polytopes with 11 facets of adjacency of the facets. The n-th component is the list of facets that intersect the (alphabetical) n-th facet. The Betti numbers are listed in the form (β −1,4 (P ), . . . , β −(j−1),2j (P ), . . . , β −7,16 (P )).
Note that the integer tuple of the above form completely determines all the bigraded Betti numbers of a 3-dimensional polytope (see [4, Section 7] for details). In Table 2 , the 11-th polytope is P, and the 24-th polytope is Q. One can easily check that there is no other polytope whose bigraded Betti numbers are equal to those of P and Q. Thus, P ′ cannot be combinatorially equivalent to any polytope with 11 facets other than P and Q. Moreover, by Theorem 1.3, P ′ cannot be combinatorially equivalent to Q. Therefore, P ′ is P, which proves that P is cohomologically rigid.
Similar arguments can be presented for Q to prove its cohomological rigidity.
